Abstract. We characterize the equivalence and the weak equivalence of Cayley graphs for a finite group A. Using these characterizations, we find degree distribution polynomials for weak equivalence of some graphs including 1) circulant graphs of prime power order, 2) circulant graphs of order 4p, 3) circulant graphs of square free order and 4) Cayley graphs of order p or 2p. As an application, we find an enumeration formula for the number of weak equivalence classes of circulant graphs of prime power order, order 4p and square free order and Cayley graphs of order p or 2p.
Introduction
Let A be a finite group with identity e and let Ω be a generating set for A with properties that Ω = Ω −1 and e ∈ Ω, where Ω −1 = {x −1 | x ∈ Ω}. The Cayley graph C(A, Ω) is a simple graph whose vertex set and edge set are defined as follows:
V (C(A, Ω)) = A and E(C(A, Ω)) = {{g, h} | g −1 h ∈ Ω}.
Because of their rich connections with a broad range of areas, Cayley graphs have been in the center of the research in graph theory [3, 7, 24, 25] . Spectral estimations of Cayley graphs have been studied [4, 11] . It plays a key role in the study of the geometry of hyperbolic groups [15] . Recently, Li has found wonderful results on edge-transitive Cayley graphs [19, 20] . For standard terms and notations, we refer to [12] . The Cayley graph C(A, Ω) admits a natural A-action, · : A×C(A, Ω) → C(A, Ω) defined by g · g ′ = gg ′ for all g, g ′ ∈ A. A graph Γ with an A-action is called an A-graph. So, every Cayley graph C(A, Ω) is an A-graph. A graph isomorphism f : Γ 1 → Γ 2 between two Agraphs Γ 1 and Γ 2 is a weak equivalence if there exists a group automorphism α : A → A such that f (g·u) = α(g)·f (u) for all g ∈ A and u ∈ V (Γ 1 ). When α is the identity automorphism, we say that f is an equivalence. If there is a weak equivalence between A-graphs Γ 1 and Γ 2 , we say Γ 1 and Γ 2 are weak equivalent. Similarly, if there is an equivalence between A-graphs Γ 1 and Γ 2 , we say Γ 1 and Γ 2 are equivalent. Enumerations of the equivalence classes and weak equivalence classes of some graphs have been studied [9, 16] .
In particular, the isomorphism problem of Cayley graphs has been studied by several authors [5, 10, 17] . However, one classical isomorphism problem on Cayley graphs is a conjecture rose byÁdám [1] that two Cayley graphs of Z n are isomorphic if and only if they are isomorphic by a group automorphism of Z n . This conjecture was first disproven by Elpas and Turner [8] . After that, a particular attention has been paid to determine which group A has the property that two Cayley graphs of A are isomorphic if and only if they are isomorphic by a group automorphism of A. Such a group is called a CI-group. For cyclic group Z n , CI-groups were completely classified by Muzychuk [21, 22] that a cyclic group of order n is a CI-group if and only if n = 8, 9, 18, m, 2m or 4m where m is odd and square-free. Therefore, for any square-free number n, the number of non-isomorphic connected k-regular Cayley graphs of Z n is equal to the coefficient a k (Z n ) of x k in Ψ w Zn (x) which is the degree distribution polynomial of weak equivalence classes of Caylay graphs whose underlying group is Z n and the number of non-isomorphic connected Cayley graphs of Z n is equal to Ψ w Zn (1). Li has a wonderful survey for the isomorphism problem of Cayley graphs [18] .
A circulant graph is a graph whose automorphism group of the graph includes a cyclic subgroup which acts transitively on vertex set of the graph. The isomorphism problem of circulant graphs had been studied by several authors [2, 6] and completely solved by Muzychuk [23] .
In present article, we deal with the weak equivalence classes of circulant graphs. We first find a characterization of the equivalence and the weak equivalence of Cayley graphs for a finite group A. As the main result of the article, we find the degree distribution polynomials for the weak equivalence classes of circulant graphs of prime power order or square free order. As an application, we find an enumeration formula for the number of the weak equivalence classes of circulant graphs of prime power order, order 4p and square free order and the number of the weak equivalence classes of Cayley graphs of order p or 2p.
The outline of this paper is as follows. In Section 2, we characterize the equivalence and the weak equivalence of Cayley graphs for a finite group A. In Section 3, we find some computation formulae for degree distribution polynomials. Combining results in these two sections, we find the degree distribution polynomials for the weak equivalence classes of circulant graphs of prime power order and circulant graphs of square free order in Section 4. At last we find the degree distribution polynomials for the weak equivalence classes of Cayley graphs of order p or 2p in Section 5.
A characterization of Cayley graphs
Our definition of a weak equivalence between two Cayley graphs can be interpreted as a color-consistence and a direction preserving graph isomorphism [12, Section 1.2.4].
Theorem 2.1. Let C(A, Ω) and C(A, Ω ′ ) be two Cayley graphs. The followings are equivalent.
(1) C(A, Ω) and C(A, Ω ′ ) are weakly equivalent, (2) There exists an automorphism α : A → A such that α(Ω) = Ω ′ .
Proof.
(1) ⇒ (2): Let f : C(A, Ω) → C(A, Ω ′ ) be a weak equivalence. Then there exists a group automorphism τ : A → A such that f (g) = τ (g)f (e) for each g ∈ A. Let x ∈ Ω. Then {e, x} is an edge in C(A, Ω). Since {f (e), f (x)} is an edge in C(A,
i.e., f is a weak equivalence.
By using a similar method in the proof of Theorem 2.1, we can have the following theorem.
Theorem 2.2. Let C(A, Ω) and C(A, Ω ′ ) be two Cayley graphs. The followings are equivalent.
(1) C(A, Ω) and C(A, Ω ′ ) are equivalent, (2) Ω and Ω ′ are conjugate in A, i.e., there exists an element γ ∈ A such that γ
be an equivalence and let x ∈ Ω. Then {e, x} is an edge in C(A, Ω). Since {f (e), f (x)} is an edge in
i.e., f is an equivalence. For a finite group A, let a w k (A) (resp., a k (A)) be the number of the weak equivalence (resp., equivalence) classes of Cayley graphs C(A, Ω) with degree k. We call the polynomial
the degree distribution polynomial of the weak equivalence classes (equivalence classes, respectively) of Cayley graphs whose underlying group is A. Notice that Ψ w A (1) = E w (A) and Ψ A (1) = E(A). For convenience, for any finite group A and any automorphism α ∈ Aut(A), let Fix α (A) = {Ω ∈ G(A) : α(Ω) = Ω}. Now the following theorem comes from the Burnside lemma. Theorem 2.3. Let A be a finite group. Then we have
and
In order to compute Ω∈Fixα(A) x |Ω| , we will find a formula in terms of the Möbius function defined on the subgroup lattice of A. The Möbius function assigns an integer µ(K) to each subgroup K of A by the recursive formula
Jones [13, 14] used such functions to count the normal subgroups of a surface group and a crystallographic group, and applied it to count certain covering surfaces. For convenience, let S(A) = {Ω ⊂ A : Ω = Ω −1 , e ∈ Ω} for a finite group A and for any subgroup K of A, let S(K) = {Ω ⊂ K : Ω = Ω −1 , e ∈ Ω}. Then we can see that S(A) = K≤A G(K), and that
Now, the following lemma easily can be obtained by the Möbius inversion.
Lemma 2.4. Let A be a finite group and let α ∈ Aut(A). Then
Using Lemma 2.4, we can rephrase Theorem 2.3 as follows.
Theorem 2.5. Let A be finite group. Then we have
Distribution for equivalence classes
In this section, we will find a computation formula for the polynomial Ψ A (x) when A is a finite abelian group or the dihedral group D n of order 2n. If A is abelian, then Inn(A) is trivial and
by Theorem 2.5. It is not hard to show that
where
We summarize our discussion as follows.
Theorem 3.1. For a finite abelian group A,
and hence
Let n be a positive integer and µ be the number theoretical mu-function. Since a subgroup of the cyclic group Z n is also cyclic, say Z m with m|n and that µ(
, we have the following corollary from Theorem 3.1.
Corollary 3.2. For any positive integer n,
Now we aim to compute Ψ Dn (x), where
. . , n. Each subgroup of the dihedral group D n is isomorphic to either Z m or D m for some m|n. There are exactly n m subgroups isomorphic to D m and only one subgroup isomorphic to Z m , where D 1 is the subgroup generated by a reflection and D 2 is a subgroup isomorphic to +ℓ : s = 1, 2, . . . , m}. Then for each divisor m of n, we can see that
and that
Similarly, we can see that
Now, Theorem 3.3 follows from the above discussion and Theorem 2.5.
Theorem 3.3. Let D n be the dihedral group of order 2n. Then we have
Corollary 3.4. Let D n be the dihedral group of order 2n. Now we have
Degree distribution polynomials for some circulant graphs
In this section, we compute the degree distributions polynomials for the weak equivalence classes of some circulant graphs of prime power in subsection 4.1, of order 4p in subsection 4.2 and of square free order in subsection 4.3. 
, where φ is the Euler pi-function. Note that
For an automorphism α in Aut(Z p m ), we observe that
Thus, we have the following lemma.
Lemma 4.1. Let α be an automorphism in Aut(Z p m ). Then we have
Now, we aim to compute 2) . So any subset Ω of A 0 satisfying Ω = −Ω corresponds to a subset of Z 2 (m−2) and vice versa via an isomorphismη, namely there is an one to one correspondence between X 0 and P(Z 2 (m−2) ), where P(Z 2 (m−2) ) is the powerset of Z 2 (m−2) . Furthermore, Aut(Z 2 m )/Z 2 -action on X 0 is equivalent to the natural Z 2 (m−2) -action on P(Z 2 (m−2) ). Therefore, for each α ∈ A 0 = Aut(Z 2 m ), we can see that
By a method similar to the case k = 0, for each k = 1, 2, . . . , m − 2, we can see that
Now, by Theorem 2.3 and Lemma 4.1,
We summarize the above discussions as follow. and hence
where the product of the empty index set is defined to be 1.
Next we consider the case when p is an odd prime. It is well-known that there is an isomorphism θ :
, we have an isomorphism
. It is also well-known that the multiplicative group A 0 is isomorphic to Aut(Z p m ). By a method similar to the case p = 2, there is an one to one correspondence between X 0 and P(Z we can see that
By combining the above equation, Theorem 2.3 and Lemma 4.1, we obtain the following theorem.
Theorem 4.3. For each odd prime p, we have
By a similar method, one can get the following result. 
4.2.
Degree distribution polynomials for circulant graphs of order 4p. In this subsection, we find the degree distribution polynomials for circulant graphs of order 4p, where p is an odd prime number. Let n = 4p for some prime number p. For our convenience, we consider Z n as
. So any automorphism σ ∈ Aut(Z n ) can be identified with an element (j, k) in Z 2 × Z p−1 . Let us consider Z 4 × Z p as a disjoint union of the following subsets;
A i = {(n 1 , n 2 ) | n 1 = i and n 2 = 0 }, B i = {(n 1 , n 2 ) | n 1 = i and n 2 = 0 }, where i = 0, 1, 2, 3. Note that Aut(Z 4 × Z p ) can also be identified by A 1 ∪ A 3 and all of the subsets
Let σ be an element in Aut(Z n ) whose corresponding element 
Note that is odd.
4.3.
Degree distribution polynomials for circulant graphs of square free order. In this subsection, we find the degree distribution polynomials for circulant graphs of square free order. First we consider the case that n is a product of three distinct primes; (1)
First, let n = 2p 1 p 2 (2 < p 1 < p 2 ) be a square free natural number. Since Aut(Z n ) is isomorphic to
) and
). Now we have
, where
and there exists a constant c such that
(mod p i − 1) for any i = 1, 2, 2 lcm (
then, we have
For the next case, let n = p 1 p 2 p 3 (2 < p 1 < p 2 < p 3 ) be a square free natural number. Since Aut(Z n ) is isomorphic to
and γ 23 =
(mod p i − 1) for any i = 1, 2, 3, 2 lcm (
. Now we have
Therefore,
From now on, we consider general case. Let n be an odd square free number, namely
is the number defined as follows:
, there exists a constant c such that
(mod p i − 1) for any i = 1, . . . , ℓ, 2 lcm (
For convenience, for each d i such that d i |p i − 1 for i = 1, 2, . . . , ℓ, we define
Since Aut(Z n ) is isomorphic to Z p 1 −1 ×Z p 2 −1 ×· · ·×Z p ℓ −1 , any automorphism σ ∈ Aut(Z n ) can be identified with an element (n 1 , n 2 , . . . , n ℓ ) in
For our convenience, we denote . . . , d ℓ ) . Now the following theorem comes form the above discussions, Burnside Lemma and the principal of inclusion and exclusion. Theorem 4.6. Let n = p 1 p 2 · · · p ℓ be the product of any given ℓ distinct odd prime numbers For even square free number n, we have the following theorem by a similar way. For n ≤ 20, the degree distribution polynomials for circulant graphs up to equivalence are given in Table 1 and the degree distribution polynomials for circulant graphs up to weak equivalence are given in Table 2. 5. Degree distribution polynomials for Cayley graphs of order p or 2p
Throughout this section, we assume that p is an odd prime. It is well-known that any group of order p is isomorphic to the cyclic group Z p and that any group of order 2p is isomorphic to the cyclic group Z 2p or the dihedral group D p . By Theorem 4.3, we have the following corollary.
As the final part of this section, we will find the distribution polynomials for the weak equivalence classes of Cayley graphs whose underlying group is the dihedral group D p . It is well-known that Aut(D p ) is the set {α ij : i = 1, 2, . . . , p − 1, j = 1, 2, . . . , p}, where α ij (a) = a i and α ij (b) = ba j . For i = 1, it is not hard to show that Ω∈S(Dp), α 1j (Ω)=Ω 
